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1 Abstract

The Serre equations are a pair of strongly nonlinear, weakly dispersive, Boussinesq-type partial differential
equations. They model the evolution of the surface elevation and the depth-averaged horizontal velocity of
an inviscid, irrotational, incompressible fluid on a horizontal bottom. We present a three-parameter family
of periodic solutions of the Serre equations and examine their linear stability. We establish that waves with
sufficiently small amplitude/steepness are stable while waves with sufficiently large amplitude/steepness are
unstable.

2 Introduction

The evolution of gravity waves on the surface of an inviscid, incompressible fluid can be modeled by the
Euler equations or by means of the potential flow theory under the additional constraint of irrotationality.
For many applications in the nearshore zone it is customary to derive approximate versions of the complete
Euler or potential flow systems by using a small-parameter perturbation procedure as done for example by
Madsen & Schäffer [12]. Generally, the derivation of these simplified models requires the introduction of the
following standard dimensionless parameters

ε =
A0

H0
and δ =

H0

L0
. (1)

Here A0, H0 and L0 are positive constants representing a typical wave amplitude, the depth of the undis-
turbed fluid, and a typical wavelength in the horizontal dimension respectively. The parameter ε measures
nonlinearity and δ measures dispersion. In addition, the steepness parameter, Λ, is defined as follows

Λ = 2
A0

L0
= 2εδ. (2)

Figure 1 contains a plot of the physical system and graphically defines all parameters.
Recently, much progress has been made in providing a solid theoretical background for Boussinesq-type

wave equations from both mathematical and engineering standpoints. These equations are approximations
to the full Euler or potential flow systems and can be derived following the classic work of Boussinesq [3],
Rayleigh [13], or by using a small-parameter expansion. Bona, Chen & Saut [2] provide a thorough review
of many Boussinesq-type models for small-amplitude, weakly dispersive waves.

When no assumption is made on the order of magnitude of ε, large-amplitude waves propagating in
shallow water can be described. The first strongly nonlinear, weakly dispersive set of Boussinesq-type
equations was derived by Serre [15, 16]. Several years later, Su & Gardner [17] and Green & Naghdi [9]
re-derived the Serre equations using different methods. A formal derivation using series expansion on small
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Figure 1: The physical system and parameters under consideration.

perturbation parameters is presented by Barthélemy [1] for horizontal bottoms and by Cienfuegos et al. [5]
for non-horizontal bottoms. The Serre equations are obtained by depth-averaging the full Euler system and
truncating the resulting set of equations at O(δ4) without making any assumptions on the order of ε. This
“full nonlinearity” makes the Serre equations ideal for studying large-amplitude or nearly breaking waves in
the nearshore zone.

The accuracy of the Serre equations in describing strongly nonlinear shallow water waves has been
confirmed by comparisons between numerical simulations and physical experiments including solitary waves
propagating over a step [14], solitary waves shoaling over different slopes [1, 6], and regular wave shoaling
and breaking over uniform beach slopes where extra terms had to be incorporated to account for energy
dissipation [7]. Guizien & Barthélemy [10] generated solitary waves in a flume with minimal trailing waves
by using the solitary wave solution to the Serre equations. Finally, the theoretical analysis of Lannes &
Bonneton [11] shows that the Serre equations constitute a relevant system to model highly nonlinear waves
propagating in shallow waters.

In this paper, we investigate additional properties of the Serre equations related to the existence of closed-
form periodic solutions and their stability. Section 3 contains some mathematical properties of the Serre
equations including a three-parameter family of periodic solutions. Section 4 contains our main result: waves
with sufficiently small amplitude/steepness are stable while waves with sufficiently large amplitude/steepness
are unstable.

3 The Serre Equations

The dimensional Serre equations for water on a horizontal bottom are [1],

ht +
(

hu
)

x
= 0, (3a)

ut + uux + ghx − 1

3h

(

h3
(

uxt + uuxx − (ux)2
)

)

x
= 0, (3b)

where u = u(x, t) is the depth-averaged horizontal velocity of the fluid, h = h(x, t) is the water depth, and g
is the acceleration due to gravity. We focus this pair of equations with periodic boundary conditions, though
we make a few comments regarding the solitary-wave limit.

The Serre equations admit the following conservation laws

∂t(h) + ∂x(hu) = 0, (4a)

∂t(hu) + ∂x

(1

2
gh2 + hu2 − 1

3
h3uxt +

1

3
h3u2

x − 1

3
h3uuxx

)

= 0, (4b)
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Figure 2: Plots of the water depth, h, and depth-averaged horizontal velocity, u, corresponding to the solution
given in equation (6) with k = 0.99, a0 = 0.3 and a1 = 0.1 at t = 0. The dashed line in (a) represents the
mean water depth.

∂t

(1

2
h
(

gh + u2 +
1

3
h2u2

x

)

)

+ ∂x

(

hu
(

gh +
1

2
u2 +

1

2
h2u2

x − 1

3
h2(uxt + uuxx)

)

)

= 0. (4c)

Equation (4a) corresponds to conservation of mass, (4b) corresponds to conservation of momentum, and (4c)
corresponds to conservation of energy.

The Serre equations are invariant under the following transformation

h(x, t) = ĥ(x − st, t), (5a)

u(x, t) = s + û(x − st, t), (5b)

x̂ = x − st, (5c)

where s is a free parameter. This transformation physically represents adding a constant horizontal velocity
s to the entire system.

The Serre equations admit the following family of solutions

h(x, t) = a0 + a1dn2
(

κ(x − ct), k
)

, (6a)

u(x, t) = c
(

1 − h0

h(x, t)

)

, (6b)

κ =

√
3a1

2
√

a0(a0 + a1)(a0 + (1 − k2)a1)
, (6c)

c =

√

ga0(a0 + a1)(a0 + (1 − k2)a1)

h0
, (6d)

where k ∈ [0, 1], a0 > 0 and a1 > 0 are real parameters. Here dn(·, k) is a Jacobi elliptic function with
elliptic modulus k [4]. The mean water depth, h0, is defined by

h0 =
κ

2K(k)

∫ 2K(k)/κ

0

h(x, t)dx = a0 + a1
E(k)

K(k)
, (7)

where K(k) and E(k) are the complete elliptic integrals of the first and second kinds respectively. Figure 2
contains representative plots of h and u.

If k ∈ (0, 1), the solutions given in equation (6) are spatially periodic with period 2K(k)/κ. As k → 0+,
these solutions limit to

h(x, t) = a0 + a1, (8a)

u(x, t) = 0. (8b)

3



In other words, as k → 0+, the solutions given in equation (6) limit to the trivial solution of a zero-velocity
fluid with a horizontal surface at a0 + a1.

As k → 1−, the family of periodic solutions limits to the following two-parameter family of solitary-wave
solutions

h(x, t) = a0 + a1 sech2(κ(x − ct)), (9a)

u(x, t) = c
(

1 − a0

h(x, t)

)

, (9b)

κ =

√
3a1

2a0
√

a0 + a1
, (9c)

c =
√

g(a0 + a1). (9d)

This solution is known as the Rayleigh solitary wave solution.

4 Linear Stability

In order to study the linear stability of the solutions given in equation (6), we enter a coordinate frame
moving with the velocity of the waves via the following transformation

χ = x − ct, (10a)

τ = t, (10b)

where c is defined in equation (6d). After this change of variables, the Serre equations are

hτ − chχ +
(

hu
)

χ
= 0, (11a)

uτ − cuχ + uuχ + ghχ − 1

3h

(

h3
(

uχτ − cuχχ + uuχχ − (uχ)2
)

)

χ
= 0, (11b)

and the solutions given in equation (6) simplify to the following time-independent solutions

h = η0(χ) = a0 + a1dn2
(

κχ, k
)

, (12a)

u = u0(χ) = c
(

1 − h0

h(χ)

)

, (12b)

where κ, c, and h0 are defined in equations (6c), (6d) and (7) respectively.
We consider perturbed solutions of the form

hpert(χ, τ) = η0(χ) + µη1(χ, τ) + O(µ2), (13a)

upert(χ, τ) = u0(χ) + µu1(χ, τ) + O(µ2), (13b)

where η1 and u1 are real-valued functions and µ is a small real parameter. Substituting equation (13) into
equation (11) and linearizing leads to a pair of coupled, linear partial differential equations that are constant
coefficient in τ . Without loss of generality, assume

η1(χ, τ) = H(χ)eΩτ + c.c., (14a)

u1(χ, τ) = U(χ)eΩτ + c.c., (14b)

where H(χ) and U(χ) are complex-valued functions, Ω is a complex constant, and c.c. denotes complex
conjugate. If Ω has a positive real part, then the perturbations η1 and u1 grow exponentially in τ and the
solution is said to be linearly unstable. Further, if the real part of Ω, <(Ω), is positive, we define it to be
the growth rate of the perturbation.

Substituting (14) into the linearized system of PDEs gives

L
(

H
U

)

= Ω M
(

H
U

)

, (15)
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Case I

a1 δ ε Λ
0.05 0.0922 0.0420 0.0077
0.1 0.1302 0.0762 0.0198
0.2 0.1841 0.1284 0.0473
0.3 0.2258 0.1664 0.0751

Table 1: The values of a1, δ, ε and Λ for the Case I numerical simulations.

where L and M are the linear differential operators defined by

L =

(

−u′

0 + (c − u0)∂χ −η′

0 − η0∂χ

L21 L22

)

, (16a)

M =

(

1 0
0 1 − η0η

′

0∂χ − 1
3η2

0∂χχ

)

, (16b)

where prime represents derivative with respect to χ and

L21 = −η′

0(u
′

0)
2−cη′

0u
′′

0−
2

3
cη0u

′′′

0 +η′

0u0u
′′

0−
2

3
η0u

′

0u
′′

0 +
2

3
η0u0u

′′′

0 +
(

η0u0u
′′

0−g−η0(u
′

0)
2−cη0u

′′

0

)

∂χ, (17a)

L22 = −u′

0+η0η
′

0u
′′

0+
1

3
η2
0u′′′

0 +
(

c−u0−2η0η
′

0u
′

0−
1

3
η2
0u′′

0

)

∂χ+
(

η0η
′

0u0−cη0η
′

0−
1

3
η2
0u′

0

)

∂χχ+
(1

3
η2
0u0−

1

3
cη2

0

)

∂χχχ.

(17b)
The system given in equation (15), subject to periodic boundary conditions, is a differential eigenvalue prob-
lem. The eigenvalues, Ωs, determine how the perturbations evolve in τ . The corresponding eigenfunctions,
H and U , determine the χ structure of the perturbations.

In order to find approximations to the eigenvalues and eigenfunctions corresponding to the solutions
given in equation (12), we employ the Fourier-Floquet-Hill (FFH) method of Deconinck & Kutz [8]. This
numerical method is spectrally accurate for differential eigenvalue problems with periodic coefficients (such
as the one under consideration here) and allows the computation of eigenfunctions of the form

(

H
U

)

= eiρχ

(

HP

UP

)

, (18)

where HP and UP are periodic in χ with period 2K/κ and ρ ∈ [−πκ/(4K), πκ/(4K)). Therefore, if ρ = 0,
then the perturbation has the same period as the unperturbed solution.

In the remainder of this section, we present results from numerical simulations. Our plots focus on regions
where <(Ω) > 0 because these are the values that establish instability. Further, symmetries of the system
establish that the second, third, and fourth quadrants of the complex-Ω plane are reflections of the first
quadrant.

4.1 Case I: Fixed a0 and k

Figure 3 contains plots of spectra obtained using the FFH method with 75 positive Fourier modes (a mea-
sure of spectral resolution) and 1500 different ρ values (a measure of the number of different quasi-periods
examined). For this series of numerical simulations, a0 = 0.3 and k = 0.75 were fixed while a1 was varied.
Changing the value of a1 changes the amplitude and the period of the solution. As a1 increases, δ, ε and
Λ all increase. The values of the nonlinearity, dispersion and steepness parameters for these simulations are
included in Table 1.

Observations:

• If a1 is small enough, there are no Ωs with positive real part and therefore the solution is linearly
stable. This establishes that (in t his parameter regime) waves with sufficiently small amplitude are
stable.
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Figure 3: Results from Case I numerical simulations. A discrete representation of the spectra of (15)
corresponding to a0 = 0.3, k = 0.75 and four different values of a1.

• If a1 is large enough, then there are Ωs with positive real parts and therefore the solution is linearly
unstable. This establishes that waves with sufficiently large amplitude are unstable.

• The cutoff between stability and instability occurs at a1 ≈ 0.023.

• The maximum growth rate increases as a1 increases.

• All instabilities are oscillatory instabilities. That is, every Ω that has a positive real part has a nonzero
imaginary part.

• The rate of instability oscillation, =(Ω), (the imaginary part of Ω) increases as a1 increases.

• For these parameter values, there is only one band of instabilities for each value of a1. In the first
quadrant, each of these bands is a half oval.

• Generally, the instability with maximal growth rate corresponds to a perturbation with nonzero ρ.
This means that the period of the most unstable mode is longer than that of the unperturbed solution.

4.2 Case II: Fixed a0 and a1

Figure 4 contains plots of spectra obtained using the FFH method with 75 positive Fourier modes and
1500 ρ values. For this series of numerical simulations, a0 = 0.3 and a1 = 0.1 were fixed while k was
varied. Changing the parameter k changes the amplitude, period and steepness of the wave. As k increases,
ε increases, δ decreases, and Λ increases up to k ≈ 0.925 and then decreases. The values of ε, δ and Λ
corresponding to the Case II numerical simulations are included in Table 2.

Observations:

• If k is small enough, there is no instability. If k is large enough, there is instability. This establishes
that waves with sufficiently small steepness/amplitude are stable and that waves with sufficiently large
steepness/amplitude are unstable.

• The cutoff between stability and instability occurs at k ≈ 0.30.
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Case II

k δ ε Λ
0.5 0.1482 0.0323 0.0096
0.9 0.1078 0.1153 0.0249
0.99 0.0708 0.1482 0.0210
0.999 0.0517 0.1548 0.0160

Table 2: The values of k, δ, ε and Λ for the Case II numerical simulations.
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Figure 4: Results from Case II numerical simulations. A discrete representation of the spectra of (15)
corresponding to a0 = 0.3, a1 = 0.1 and four different values of k.

• Each of the bands in the first quadrant is a compressed half oval. As k increases, the number of bands
of instability increases.

• All instabilities are oscillatory instabilities.

• As k increases away from zero, the maximum growth rate increases until k ≈ 0.947. Above this value,
the maximum growth rate decreases. At k = 0.947, the maximum growth rate is 0.0132.

• Generally, the instability with maximal growth rate is a ρ 6= 0 perturbation.

4.3 Case III: Fixed a0 and wave amplitude

Figure 5 contains plots of spectra obtained using the FFH method with 75 positive Fourier modes and 1500
ρ values. For this series of numerical simulations, a0 and the wave height, a1k

2, were fixed at 0.3 and 0.1
respectively. The parameters k and a1 were varied simultaneously in order to ensure that the wave height
remained fixed. Changes of this sort modify the period and the steepness of the solution simultaneously.
The values of the corresponding δ, ε and Λ are included in Table 3.

Observations:

• If k is small enough, there is no instability. If k is large enough, there is instability. This establishes
that waves with sufficiently small steepness/amplitude are stable and that waves with sufficiently large
steepness/amplitude are unstable.
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Case III

k δ ε Λ
0.5 0.2967 0.0771 0.0458
0.9 0.1196 0.1376 0.0329
0.99 0.0715 0.1509 0.0216
0.999 0.0518 0.1551 0.0161

Table 3: The values of k, δ, ε and Λ for the Case III numerical simulations.
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Figure 5: Results from Case III numerical simulations. A discrete representation of the spectra of (15)
corresponding to a1k

2 = 0.1, a0 = 0.3 and four different values of k.

• The cutoff between stability and instability occurs at k ≈ 0.102.

• Each of the bands in the first quadrant is a compressed half oval. As k increases, the number of bands
of instabilities increases.

• All instabilities are oscillatory.

• As k increases away from zero, the maximum growth rate increases until k ≈ 0.86. Above this value,
the maximum growth rate decreases. At k = 0.86, the maximum growth rate is 0.020.

• Generally, the instability with maximal growth rate is a ρ 6= 0 perturbation.

Note that in all sets of simulations, as k → 0, <(Ω) → 0. This is consistent with the fact that k = 0
corresponds to a stationary fluid with flat surface.

All of the instabilities presented herein have relatively small growth rates. These instabilities may not
be physically observable due to dissipative or other physical effects because such effects may overwhelm any
growth. Further, as k becomes very close to 1, the instability growth rate decreases (possibly to zero). This
may explain the apparently stable Serre solitary waves created by Guizien & Barthélemy [10].

5 Summary

Several interesting properties of the system of nonlinear partial differential equations known as Serre equa-
tions were investigated in this article. We have shown that this system admits a closed-form three-parameter
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family of periodic solutions that describe shallow-water wave propagation on horizontal bottoms. This is
an important and desirable property that has not been previously demonstrated on a fully nonlinear set of
Boussinesq-type equations. Moreover, the family of solutions limits to the Rayleigh solitary wave solution
as k → 1− and to the trivial case of a fluid at rest when k → 0+.

We studied the linear stability of these solutions numerically through the Fourier-Floquet-Hill (FFH)
method of Deconinck & Kutz [8]. Different combinations of parameter values were considered, while re-
specting their meaningful physical range. Spectral plots indicate that waves of small amplitude/steepness
are stable while waves with sufficiently large amplitude/steepness are unstable. This result enforces some of
the conclusions of Lannes & Bonneton [11] who demonstrate that Serre equations represent an appropriate
model to describe nonlinear wave propagation in shallow water. Indeed, it appears that this weakly disper-
sive approximation of the full Euler system retains some degree of physical instability also contained in the
Euler equations.
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the School of Engineering (PUC) and ECOS-Conicyt research grant No C07U01 are gratefully acknowledged.

References
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[10] K. Guizien and E. Barthélemy. Accuracy of solitary wave generation by a piston wave maker. Journal

of Hydraulic Research, 40(3):321–331, 2002.

9



[11] D. Lannes and P. Bonneton. Derivation of asymptotic two-dimensional time-dependent equations for
surface water wave propagation. Physics of Fluids, 21(1):016601, 2009.
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